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! 
 "

EXt = 0   t ∈ T 
  (Xt)  


*) .

 	 	
 
 
 

  
	 
	

 +2

)	 *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 T = R≥0  
	
 
	

 1 		 
	
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
 
 

0	 #   $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		  &
% H ∈ (0, 1) 
   

 (BHt )t≥0 
 	 #	
'
( BH0 = 0
6
  E[BHt B
H
s ] =
1
2
(
t2H + s2H − |t− s|2H) =: k(t, s)
  	 k(t, s) 
  		    

  
    	 	   
   ! "
   	
 
      #$  
	 !     
  % 	
 
  
 & 
       	
"
 
  
     	  	    

    ' 	
  
  	
 
  	
 	"
 !      &
  	
 ()
  	
 
  *	  (B1t , B
2
t )  	

    
 
 (Ω,F ,P) 
	 	     t ∈ R  Bt := B1t 1t≥0 +B2−t1t<0
 	
  f : R → R 
 f ∈ L2((−∞, t])   t > 0
	
t∫
−∞
f(s)dBs :=
∞∫
0
f(−s)dB2s +
t∫
0
f(s)dB1s . (+*
    
∫ t
−∞
(f(s))2ds < ∞       	"
 !   %  , (+* ' -  	   
. 
 $  
  /  	 0+    
  (+* & !    ,/1	 
 		  (Xt)t>0        t > 0 	 !
"  Xt 
"  
 E[Xt] = μt 	 V ar(Xt) = σ
2
t   μt → μ < ∞
	 σ2t → σt < ∞  t → ∞  " Xt  t → ∞  #  

" !"  X∞ 
 E[X∞] = μ 	 V ar(X∞) = σ
2
    	 	 Xt     
ϕXt(u) = e
iuμt−
1
2
σ2
t
u2
  	 
ϕX∞(u) = e
iuμ− 1
2
σ2u2 = lim
t→∞
ϕXt(u),

     	  	 ) 

 
 μ   σ2      	  2    
3
  	
        	
  	


     f ∈ L2([0, t])   t > 0 	
 (Bt) 
  
 

	
 

 
Yt :=
t∫
0
f(s)dBs

 	
  f ∈ L2([0, t])   t ≥ 0    t > 0  	 
 (fn)n∈N   
lim
n→∞
t∫
0
(f(s)− fn(s))2ds = 0
     
lim
n→∞
t∫
0
fn(s)dBs
L2−→ Yt.
    (fn)        n ∈ N  m(n) ∈
N    cn1 , ..., c
n
m(n) ∈ R   tn0 , tn1 , ..., tnm(n) ∈ [0, t]  tn0 < tn1 < ... <
tnm(n)   
fn(s) =
m(n)∑
i=1
cni  (tni−1,tni ](s).
 	  
t∫
0
fn(s)dBs =
m(n)∑
i=1
cni (Btni − Bnti−1)
    !		  "    #
    
∫ t
0
fn(s)dBs   $ 	  0   #


∑m(n)
i=1 (c
n
i )
2(tni − tni−1) =
∫ t
0
(fn(s))
2ds 
∫ t
0
(fn(s))
2ds → ∫ t
0
(f(s))2ds < ∞ 
n → ∞   % &'   " Yt  
$   
 
	     0 < t1 < t2 < ... < tn    (Yt1 , ..., Ytn)
T
(
  	
 	 
   	 
  

 

⎛
⎜⎜⎝
Yt1

Ytn
⎞
⎟⎟⎠ =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
1 0 0 . . . 0
1 1 0 . . . 0


     

1 1 . . . 1 0
1 1 . . . 1 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
·
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
Yt1
Yt2 − Yt1

Ytn−1 − Ytn−2
Ytn − Ytn−1
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,
	  	 (Yt1 , Yt2 −Yt1 ,  , Ytn−1 −Ytn−2 , Ytn −Ytn−1)T   	
 	
 
  
    
   	 
 
	   
 
 (Yt1 , ..., Ytn)
T 
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  
	 
	    	

	 

!  
 "" 
 
	 
     
  # $%&  #
'(	
  
  
 
  )
  #
'(	   	   

    
 
 	 
  *  +
   
 
 	 
 

 
 
 	
 )
 
  #
'(	

     f ∈ L2([0,∞))  (Bt)   	 
	 

 
∫∞
0
f(s)dBs  		 	

 
 f ∈ L2([0,∞))   ,	 Mt =
∫ t
0
f(s)dBs  -

  
E [(Mt)
2] =
∫ t
0
(f(s))2ds ≤ ∫∞
0
(f(s))2ds < ∞ 	  . 
   -


	
  /


 M∞ 	 
Mt
L2−→ M∞ 0 t → ∞ - !  

"% 	 
 M∞ 	 
 
-   !  

 	  
 
 	
 )
  # $%&
 #
'(	  10  )

  

 2	 2
  0 	 	
 )
     
   )

 1	  f : R × R → R 
	  #
 ∫ t
−∞
f(t, s)dBs   +
  2 	 )
 
 #
'(	   )
 
	 	 
	
    f : R2 → R  	   f(t, ·) ∈
L2((−∞, t]) 	  t ≥ 0  (Bt)   
	 
 
 	 	 (Yt) 
Yt =
t∫
−∞
f(t, s)dBs t ≥ 0
3
  	
 
     (Bt)  	
  

 	 
	   


 

 (B1t ), (B
2
t )  
Yt =
∞∫
0
f(t,−s)dB2s +
t∫
0
f(t, s)dB1s .
   (Yt) 	     	
(Yt1 , ..., Ytn)
T
 		 	   n ∈ N  t1, ...tn ∈ [0,∞) 	 t1 < ... <
tn   	 
   !    λ1, ..., λn ∈ R  "	
λ1Yt1 , ..., λnYtn 		 	 # 
	
λ1Yt1 + ...+ λnYtn
=
∞∫
0
λ1f(t1,−s) + ...+ λnf(tn,−s)dB2s +
t1∫
0
λ1f(t1, s) + ...+ λnf(tn, s)dB
1
s
+
t2∫
t1
λ2f(t2, s) + ...+ λnf(tn, s)dB
1
s + ...+
tn∫
tn−1
λnf(tn, s)dB
1
s
= : M0 +M1 + ...+Mn,
 M0  " $ %  		 & 	  
 f(tk, ·) ∈
L2((−∞, tk])   k = 1, ..., n 
	'
∞∫
0
(λ1f(t1,−s) + ...+ λnf(tn,−s))2ds =
0∫
−∞
(λ1f(t1, s) + ...+ λnf(tn, s))
2
≤λ21
0∫
−∞
(f(t1, s))
2ds+ ...+ λ2n
0∫
−∞
(f(tn, s))
2ds < ∞.
# " $ $   & M1, ...,Mn  		  
M0,M1, ...,Mn 

  
	  λ1Yt1+...+λnYtn  		
	 
 	   
 
(   
    	 )
 

  		 *	
 
  	
 
+
  	
 


     (Bt)  	 
 
		  H ∈ (0, 1) 
  
BHt =CH
t∫
−∞
(t− s)H− 12 − (−s)H−
1
2
+ dBs
=CH
⎛
⎝ 0∫
−∞
(t− s)H−12 − (−s)H−12dBs +
t∫
0
(t− s)H−12dBs
⎞
⎠

CH =
(
2H(
3
2
−H)B(2− 2H,H + 1
2
)
) 1
2
  
 
		
  	  B(x, y)  
 
   	
    	
x, y > 0   	 

B(x, y) =
1∫
0
tx−1(1− t)y−1dt.

 	  
   	
 
  	   !  " #$
 %! &
 
 ' ' 
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 (  ( )	'

 

  *+$	'

  , 	 % 
 
 	  
 f(t, ·) ∈
L2((−∞, t]) 	  t ≥ 0 ( 	 f(t, s) := (t− s)H− 12 − (−s)H−
1
2
+  
 
t∫
−∞
(f(t, s))2ds
=
0∫
−∞
(
(t− s)H− 12 − (−s)H− 12
)2
ds+
t∫
0
(
(t− s)H− 12
)2
ds
=
∞∫
0
(
(t+ s)H−
1
2 − sH− 12
)2
ds+
1
2H
t2H
= : Φ(t) +
1
2H
t2H .
 -
    	
 	 		  	  s, t ≥ 0
(t+ s)H−1/2 − sH−1/2 ≤ t · sup
u∈[s,s+t]
duH−1/2
du
= t(H − 1/2)sH−3/2
  
Φ(t) =
1∫
0
(
(t+ s)H−1/2 − sH−1/2)2 ds+
∞∫
1
(
(t+ s)H−1/2 − sH−1/2)2 ds
≤
1∫
0
(t+ s)2H−1ds+
∞∫
1
t2(H − 1/2)2s2H−3ds
=
1
2H
(
(t+ 1)2H − t2H)+ t2(H − 1/2)2 1
2− 2H
< ∞.
 
 f ∈ L2((−∞, t]) 	  t ≥ 0  
    

 
 



 	 
  	 	 	  	
  
 
! "	  	
   #  Φ(t)   	 $
% 	 &			'
Φ′(t) =
∞∫
0
2
(
(t+ s)H−
1
2 − sH− 12
)(
H − 1
2
)
(t+ s)H−
3
2ds
=(2H − 1)
∞∫
0
(t+ s)2H−2 − sH− 12 (t+ s)H− 32ds
Φ′′(t) =(2H − 1)
∞∫
0
(2H − 2)(t+ s)2H−3 − sH− 12
(
H − 3
2
)
(t+ s)H−
5
2ds
=− (2H − 1)t2H−2 − (2H − 1)
(
H − 3
2
) ∞∫
0
sH−
1
2 (t+ s)H−
5
2 .
( 
∞∫
0
sH−
1
2 (t+ s)H−
5
2ds
=t2H−3
∞∫
0
(s
t
)H− 1
2
(
1 +
s
t
)H− 5
2
ds
))
=t2H−2
∫ ∞
1
(u− 1)H− 12uH− 52du
=t2H−2
1∫
0
(
1− z
z
)H− 1
2
(
1
z
)H− 5
2 1
z2
dz
=t2H−2
1∫
0
(1− z)H− 12 z1−2Hdz
=t2H−2B
(
2− 2H,H + 1
2
)
,
  u = 1 + s
t
 z = 1
u
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
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	 
 	

Φ′′(t) =− (2H − 1)t2H−2 + (2H − 1)
(
3
2
−H
)
B
(
2− 2H,H + 1
2
)
t2H−2
  Φ(0) = Φ′(0) = 0 
 	   	 

Φ′(t) =− t2H−1 +
(
3
2
−H
)
B
(
2− 2H,H + 1
2
)
t2H−1
	 
Φ(t) =− 1
2H
t2H +
(
3
2
−H)B (2− 2H,H + 1
2
)
2H
t2H .
	 
 	
t∫
−∞
(f(t, s))2ds = Φ(t) +
1
2H
t2H =
(
3
2
−H)B (2− 2H,H + 1
2
)
2H
t2H =
1
(CH)2
t2H .
 		 

E
[(
BHt
)2]
= t2H .
	 
   t, s > 0     
 	 
E
[
BHt B
H
s
]
=
1
2
(
E
(
BHt
)2
+ E
(
BHs
)2 − E (BHt − BHs )2)

   t > s > 0 	

BHt − BHs =CH
⎛
⎝ t∫
−∞
(t− u)H− 12 − (−u)+dBu −
s∫
−∞
(s− u)H− 12 − (−u)+dBu
⎞
⎠
=CH
⎛
⎝ s∫
−∞
(t− u)H− 12 − (s− u)H− 12dBu +
t∫
s
(t− u)H− 12dBu
⎞
⎠ .

 	

E
(
BHt − BHs
)2
=C2H
⎛
⎝ s∫
−∞
(
(t− u)H− 12 − (s− u)H− 12
)2
du+
t∫
s
(
(t− u)H− 12
)2
du
⎞
⎠
=C2H
⎛
⎝ 0∫
−∞
(
(t− s− z)H− 12 − (−z)H− 12
)2
dz +
t−s∫
0
(
(t− s− z)H− 12
)2
dz
⎞
⎠
=C2H
t−s∫
−∞
(
(t− s− z)H− 12 − (−z)H−
1
2
+
)2
dz
=E
(
BHt−s
)2
=(t− s)2H ,
 z = u− s  

 
     
 	

E
[
BHt B
H
s
]
=
1
2
(
t2H + s2H − |t− s|2H) .
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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    		 s > 0    
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(BHt+s − BHs )   (BHt )  	
  
     	
 (BHt+s − BHs )   
  
       

  (BHt )     
t1, t2 > 0
E
[
(BHt1+s − Bs)(BHt2+s − BHs )
]
=E
[
BHt1+sB
H
t2+s
]− E [BHt1+sBHs ]− E [BHt2+sBHs ]+ E [BHs BHs ]
=
1
2
(
t2H1 + t
2H
2 − |t2 − t1|2H
)
=E
[
BHt1B
H
t2
]
.
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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
	
   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 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   c > 0    !  (BHct )
  cHBHt  	
  
   

 (BHct )   (c
HBHt )   
  
    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 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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E
[
BHctB
H
cs
]
=
1
2
(
(ct)2H + (cs)2H − |ct− cs|2H)
=
c2H
2
(
t2H + s2H − |t− s]2H)
= E
[
cHBHt c
HBHs
]
.
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   (Xt)t>0  	 





 	  
 T > 0 
   α, β, C > 0 
 


E[|Xt −Xs|α] ≤ C|t− s|1+β ∀s, t ∈ [0, T ].
 
 (Xt)     γ !
	    0 <
γ < β
α

"
   
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 "	#	  
 (B
H
t ) 
 (B̃Ht )   γ !
	    0 < γ < H
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  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 # α, β,K (  !#  - # s, t > 0 
E
[(
BHt − BHs
)α] ≤ K|t− s|1+β.
*$   - # s, t, α > 0  ! ##. ! /" $! ! (	
."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# 
E
[(
BHt − BHs
)α]
= E
[|BHt−s|α] = E [|BH1 |α] |t− s|αH
$!  ( (BHt )  !&"#   $! (! "# γ	
+! ' #!  -
0 < γ <
αH − 1
α
= H − 1
α
.
)# α > 0 ((  ! ! ' #! ! 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 "# γ	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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 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	  0 < s1 <
t1 < s2 < t2
E
[
(BHt2 − BHs2)(BHt1 − BHs1)
]⎧⎨⎩> 0  H > 0.5< 0  H < 0.5
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  	

E
[
(BHt2 − BHs2)(BHt1 − BHs1)
]
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[
BHt2B
H
t1
]− E [BHt2BHs1]− E [BHs2BHt1 ]+ E [BHs2BHs1]
=
1
2
(
(t2 − s1)2H − (t2 − t1)2H −
(
(s2 − s1)2H − (s2 − t1)2H
))
=
1
2
(f(b2)− f(a2)− (f(b1)− f(a1))) ,
	  f(x) = x2H  !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T > 0 N ∈ N (BHt )t∈[0,T ](
BHT
N
, BH2T
N
, ..., BHNT
N
)T
BHkT
N
d
=
(
T
N
)2H
BHk .
(BH1 , B
H
2 , ..., B
H
N )
T
Σ Σmn = m
2H + n2H − |m − n|2H m,n ∈ {1, ..., N}
G GGT = Σ Z = (Z1, ..., ZN)
T
GZ Σ
Σ Σmn = m
2H + n2H − |m − n|2H
m,n ∈ {1, ..., N} G Σ
Z = (Z1, ..., ZN)
Y = GZ
BH =
(
T
N
)2H
Y
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  

 Λn ∈ P ([0, t]) #
 lim
n→∞
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d log(St) =
1
St
dSt − 1
2S2t
d〈S, S〉t
=μtdt+ σtdBt − 1
2
σ2t dt
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(
μt − 1
2
σ2t
)
dt+ σtdBt.
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∫ t+Δ
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[|BHt − BHs |q] = Kq|t− s|qH .
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[|BH1 |q]   8   2	 	  		*
	 .
 * "   		 			       '# $  
log(σt)  	   
 	 	 	 *   ) log(σt)−
log(σs) = ν
(
BHt − BHs
)

 	 ν > 0 0	   9 
E [| log(σt+Δ)− log(σt)|q] = νqKqΔqH .
% '	 
 	 	    
log (E [| log(σt+Δ)− log(σt)|q]) = log(Kq) + q log(ν) + qH log(Δ). &4(
:;
log(Δ)
qH
q H
N σ0, σΔ, ..., σNΔ
q > 0
m(q,Δ) =
1
N
N∑
k=1
| log(σkΔ)− log(σ(k−1)Δ)|q,
E [| log(σt+Δ)− log(σt)|q] = E [| log(σΔ)− log(σ0)|q]
log(Δ) → log(m(q,Δ)) q
log(Δ) → log(m(q,Δ)) q
log(Δ) → log(m(q,Δ)) q &
q
log(m(q,Δ)) &
Δ Δ = 1, 2, ..., 100
q
q
q sq aq
q sq
aq sq
q
sq q
H
&
&
q → sq
HestMSFT ≈ 0.104
HestS&P ≈ 0.144.
&
ν
aq
log(Kq) + q log(ν) aq − log(Kq)
q
log(ν)
ν
νestMSFT ≈ 0.304
νestS&P ≈ 0.354.
&
q → aq − log(Kq)
H ν
BHt
BHt+Δ − BHt ∼ N
(
0,Δ2H
)
t,Δ > 0
Δ
log(σt+Δ)− log(σt) ∼ N
(
0, ν2Δ2H
)
.
Δ
Δ
& Δ
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s, t > 0
log(σt)− log(σs) = ν(BHt − BHs )
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 	 (Ω,F ,P)
  	"	
BHt = CH
t∫
−∞
(t− u)H−1/2 − (−u)H−1/2+ dBPu
 	  (Ft)t>0 	  	 		  Ft = σ
(
(BPs )s∈(−∞,t]
) ∨ σ (N )
 &		
  ' σ 		 A,B  		 	  σ 		 (Ai)i∈I
A ∨ B := σ(A ∪ B)
∨
i∈I
Ai := σ
(⋃
i∈I
Ai
)
 N  	 	 	 	 P	 	  F∞ :=
∨
t∈[0,∞) Ft
 $	  vt := σ2t 	
"("		
    ' t ≥ s ≥ 0
log(vt)− log(vs)
=2ν(BHt − BHs )
=2νCH
⎛
⎝ t∫
−∞
(t− u)H−1/2 − (−u)H−1/2+ dBPu −
s∫
−∞
(s− u)H−1/2 − (−u)H−1/2+ dBPu
⎞
⎠
=2νCH
⎛
⎝ s∫
−∞
(t− u)H−1/2 − (s− u)H−1/2dBPu +
t∫
s
(t− u)H−1/2dBPu
⎞
⎠ .
$	"	  ' 	 t ≥ s ≥ 0
ZPs (t) :=
s∫
−∞
(t− u)H−1/2 − (s− u)H−1/2dBPu
MPs (t) :=
t∫
s
(t− u)H−1/2dBPu .
   )		 
 	 		 *"		 (ZPs (t))t≥0  (M
P
s (t))t≥0 ' 	
t ≥ s ≥ 0 "			 +,("		
 %		  ' 	 t ≥ s ≥ 0 	 -	
ZPs (t) 	 	"'  Fs  MPs (t) .    Fs
 			  	
/
   MPs (t) 	
	

 
EP
[(
MPs (t)
)2]
=
t∫
s
(t− u)2H−1du = 1
2H
(t− s)2H .
 


W̃ Ps (t) :=
√
2HMPs (t)
 η := (2νCH)/
√
2H 
 
 (W̃ Ps (t))t≥0  

 

  
 
(MPs (t))    (t− s)2H   	 
log(vt)− log(vt) = 2νCHZPs (t) + ηW̃ Ps (t)
  



vt = vse
2νCHZ
P
s (t)+ηW̃
P
s (t).

	
 
 		
  W̃ Ps (t) 
 Fs

  vs  ZPs (t) 


  
  W̃ Ps (t) 

  !	 
EP [vt|Fs] =EP
[
vse
2νCHZ
P
s (t)+ηW̃
P
s (t)|Fs
]
=vse
2νCHZ
P
s (t)EP
[
eηW̃
P
s (t)
]
=vse
2νCHZ
P
s (t)e
1
2
EP
[
(ηW̃ Ps (t))
2
]
=vse
2νCHZ
P
s (t)+
1
2
EP
[
(ηW̃ Ps (t))
2
]
.
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
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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 
  vt 
 !	 

#
vt =vse
2νCHZ
P
s (t)+
1
2
EP
[
(ηW̃ Ps (t))
2
]
+ηW̃ Ps (t)−
1
2
EP
[
(ηW̃ Ps (t))
2
]
=EP [vt|Fs] E
(
ηW̃ Ps (t)
)
.
$%&
'

  E
(
ηW̃ Ps (t)
)
= e
ηW̃ Ps (t)−
1
2
η2E
[
(W̃ Ps (t))
2
]
 
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 
ηW̃ Ps (t) 
 
	  vt  "
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 
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  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

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
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
	  vt 
	  E
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

 
		

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 W̃ Ps (t) 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 
 
  
 
  

	  EP[vt|Fs] 
   +  vt

 , Fs 
  
 
   
 
 W̃ Ps (t) 		
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
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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	 #
$ P 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"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		 #


$ Q 			  (	
 	  	&
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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		 #


$	 		 *
+	 	 !
	  
		 
 	   		 			
#
$		 	 +	

dBPt = dB
Q
t + λ(t)dt

	  λ : [0,∞) → [0,∞) (
  
  	 

&	 vt
vt =vs exp
(
2νCHZ
P
s (t) + ηW̃
P
s (t)
)
=vs exp
⎛
⎝ηW̃Qs (t) + 2νCH
⎛
⎝ZQs (t) +
t∫
s
(t− u)H−1/2λ(u)du
+
s∫
−∞
(
(t− u)H−1/2 − (s− u)H−1/2)λ(u)du
⎞
⎠
⎞
⎠ ,
	 (ZQt )  (W̃
Q
t ) 	
  	,	  	 (Z
P
t )  (W̃
P
t )   B
Q 

	
 (
    	 		 !
	   vt 	 Q
EQ[vt|Fs]
=vs exp
⎛
⎝1
2
η2EQ
[(
W̃Qs (t)
)2]
+ 2νCH
⎛
⎝ZQs (t) +
t∫
s
(t− u)H−1/2λ(u)du
+
s∫
−∞
(
(t− u)H−1/2 − (s− u)H−1/2)λ(u)du
⎞
⎠
⎞
⎠
--
=vs exp
(
1
2
η2EP
[(
W̃ Ps (t)
)2]
+ 2νCHZ
P
s (t)
)
exp
⎛
⎝2νCH
t∫
s
(t− u)H−1/2λ(u)du
⎞
⎠
=EP[vt|Fs] exp
⎛
⎝2νCH
t∫
s
(t− u)H−1/2λ(u)du
⎞
⎠
   	
     Q   
vt =E
P[vt|Fs]E
(
ηW̃ Ps (t)
)
=EP[vt|Fs] exp
(
ηW̃ Ps (t)− EP
[(
W̃ Ps (t)
)2])
=EP[vt|Fs] exp
⎛
⎝η√2H
t∫
s
(t− u)H−1/2λ(u)du
⎞
⎠
· exp
(
ηW̃Qs (t)− EQ
[(
W̃Qs (t)
)2])
=EQ[vt|Fs]E
(
ηW̃Qs (t)
)
.
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dSt =
√
vtStdZt
vt = ξ0(t)E
(
ηW̃t
)
	
W̃t =
√
2H
t∫
0
(t− u)H−1/2dBu.
!		 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  	   Bt = (B
1
t , B
2
t )  	
 
	  
 		 (Ω,F,P)  	 (Ft)t≥0  
 (Bt)  
 
	 
  	  ρ ∈ (−1, 1)  
		
Zt = ρB
1
t +
√
1− ρ2B2t t ∈ [0,∞)
	  
	   	  E [B1tZt] = ρt
	 6  	  		  	 	 (Zt) 		 		 )	
)		 # 7 8	9: ; 		 *-< 5		 .=#.>0+  (Zt) 		
)	 )		   (Zt) 	   ((Zt)
2 − t) 	 Ft
# 1 8	   	 	  (Zt) 		 	 # '
	   		  ((Zt)
2 − t) 		 	  # 1		 
?@
 	
   
 	    Zt    0 ≤ s ≤ t
E
[
(Zt)
2 − t|Fs
]
=E
[(
ρB1t +
√
1− ρ2B2t
)2
− t)|Fs
]
=E
[
ρ2
(
B1t
)2
+ 2ρ
√
1− ρ2B1tB2t + (1− ρ2)
(
B2t
)2 − t|Fs]
=ρ2E
[(
B1t
)2 − t|Fs]+ 2ρ√1− ρ2E [B1tB2t |Fs]+ (1− ρ2)E [(B2t )2 − t|Fs]
=ρ2
((
B1s
)2 − s)+ 2ρ√1− ρ2B1sB2s + (1− ρ2)((B2s)2 − s)
=
(
ρB1s +
√
1− ρ2B2s
)2
− s
=(Zs)
2 − s
   (Zt)
2 − t  		      	 E[B1tZt] = ρt
    	
  (B1t )  (B
2
t ) 
E
[
B1tZt
]
=E
[
B1t
(
ρB1t +
√
1− ρ2B2t
)]
=ρE
[(
B1t
)2]
+
√
1− ρ2E [B1tB2t ]
=ρt.
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  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	  
$"  (St) 		      
%  
   &		 %
     (Yt)t≥0  	 


 

   


 (Ω,F ,P)  
	      	   
 (τn)n∈N 		 
τn := inf{t > 0 : Yt = n}.
 	 lim
n→∞
τn = ∞ 
 


 '    ω ∈ Ω     (	 τ̂ ∈ [0,∞) 
τn(ω) → τ̂  n → ∞ )  *
  Yt  	
Yτ̂ = Y lim
n→∞
τn(ω) = lim
n→∞
Yτn(ω) = lim
n→∞
n = ∞.
+,
    	 
   (Yt)  
     (Bt)t≥0  	
    	


	 (Ω,F ,P)  (Ft)t≥0   	
    
σ : Ω× [0,∞) → R  		 		 	
		
 		  σt ≤ C, ∀t ∈
[0, T ] 	 	
  	   
dSt = σtStdBt 
  	 S0 = x ∈ (0,∞)   !"	 #		 	
	 !"	  $
	         σ̃(t, x, ω) := σ(t, ω)x 	 
dSt = σ̃(t, St)dBt.
	  σ̃(t, x, ω)     ! 		    "    ω ∈ Ω
	  x, y ∈ R  t ∈ [0, T ]
|σ̃(t, x, ω)− σ̃(t, y, ω)| = |σ(t, ω)x− σ(t, ω)y| ≤ C|x− y|
    #	 	 $#	  	 $#	    %
		 
St = S0 exp
⎛
⎝ t∫
0
σsdBs − 1
2
t∫
0
σ2sds
⎞
⎠ .
& 		   " σt  '%' (		  "  		    
 ) St 	 *	   
E
⎡
⎣exp
⎛
⎝1
2
T∫
0
σ2sds
⎞
⎠
⎤
⎦ ≤ exp(1
2
TC
)
< ∞
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dSt = σ(t, Yt)StdBt
Yt =
t∫
0
K(t, s)dZs
  Zt = ρBt+ ρ̄B̄t 	 ρ
2+ ρ̄2 = 1 
 (Bt, B̄t)   

 
  		 	
 (Ω,F ,P) 	  		
(Ft)    (Bt, B̄t) 
	 		  		  	
K : [0,∞)× [0,∞) → [0,∞) 		  Yt  !
"# 	 		 $

 σ : [0,∞)×R → R+ % & T > 0, a > 0 		 
  '	 	 
 [0, T ]×
(−∞, a]  
'	 ρ ≤ 0 	  	  $ (St)  	 (	
   	 (St) 
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
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 
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 (St) 	 
	 	 	 (St) 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	 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	
  	 
	
 	 
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 	 
	
 
" [0, T ] 
E[ST ] = S0 	  τn := inf{t > 0 : Yt = n} 	 	 
 σ  	

" [0, T ]× (−∞, n] 	 ! # (St∧τn)t≥0 
 $
 %& 	 
	
 ! 
	
S0 = E[ST∧τn ] = E[ST {T<τn}] + E[ST {τn≤T}].
'
 $
 %( 	 lim
n→∞
τn = ∞ "
 	 ! !
 " 	 ! 
  !
 )*
lim
n→∞
E[ST {T<τn}] = E[ST ].
	 	
S0 − E[ST ] = lim
n→∞
E[Sτn {τn≤T}].
' 	! 	 
+  	 
+ P̂(n) !" ,		 	
dP̂(n)
dP
=
ST∧τn
S0
.

 (St∧τn)t≥0 	 
	
 	 " 	 -	
. / !
 ! #
B̂
(n)
t := Bt −
t∧τn∫
0
σ(s, Ys)ds
01
   	
       P̂(n)     
E[Sτn {τn≤T}] = E
P̂(n) [S0 {τn≤T}] = S0P̂
(n) (τn ≤ T ) .
   t ≤ τn
Yt =
t∫
0
K(t, s)dZs
=
t∫
0
ρK(t, s)dBs +
t∫
0
ρ̄K(t, s)dB̄s
=
t∫
0
ρK(t, s)B̂(n)s +
t∫
0
ρ̄K(t, s)dB̄s +
t∫
0
ρK(t, s)σ(s, Ys)ds
=
t∫
0
K(t, s)dZ̄(n)s +
t∫
0
ρK(t, s)σ(s, Ys)ds
= : Ŷt +
t∫
0
ρK(t, s)σ(s, Ys)ds
  Z̄
(n)
s    	
       P̄
(n)    Yt ≤ Ŷt  t ≤ τn 
τn ≥ τ̂n := inf{t > 0 : Ŷt = n}  
lim
n→∞
P̂(n)(τn ≤ T ) ≤ lim
n→∞
P̂(n)(τ̂n ≤ T ) = lim
n→∞
P̂(n)( sup
t∈[0,T ]
Ŷt ≥ n) = 0
  
S0 − E[ST ] = 0.
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  σ  K  
       	

K(t, s) =
√
2H(t− s)H− 12
σ(t, y) =
√
ξ0(t)e
ηy− 1
2
η2t2H .
  % σ         	
   [0, T ] × (−∞, a]   
T, a > 0    % ξ0(t)      	
   [0, T ]   %!
#&
  ξ0(t)   	
       

 
    


      
       W̃t =
∫ t
0
K(t, s)dBs
    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      
     !"#

  	   Yt  	
 
 
Yt =
∫ t
0
K(t, s)dBs
 (Bt)  
    K(t, ·) ∈ L2([0, t]) 
  t ≥ 0 
 
 
 (Yt)  
  γ
  
  γ < α 
! α,C > 0 "
     
  
 #
$  %& K(t, s)   '


  t 
  0 < s < t
( |∂K
∂t
(t, s)| ≤ C(t− s)α− 32 
  0 < s < t
)
∫ t
s
K(t, u)2du ≤ C(t− s)2α 
  0 < s < t
 $  !" $ %%&#
' 
 (  )  K(t, s) =
√
2H(t− s)H− 12 
∣∣∣∣∂K∂t (t, s)
∣∣∣∣ = √2H
∣∣∣∣H − 12
∣∣∣∣ (t− s)H− 32
 
t∫
s
K(t, u)2du = (t− s)2H .
   *     +" ( C = 1  α = H (
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
 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( 

 γ < H
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dSt =
√
vtStdZt
vt = ξ(t)E
(
ηW̃t
)
W̃t =
√
2H
∫ t
0
(t− u)H−12dBu.
&  (Zt)  (Bt)  '
 '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  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 
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E[ZtZs] = min{t, s}"
  	   	
		 	 (W̃t)   t ≥ s 	 
E[W̃tW̃s] = s
2HG
(s
t
)

G(x) =
2H
H + 1
2
x
1
2
−H
2F1
(
1
2
−H, 1, 3
2
+H, x
)
,

2F1(a, b; c; z) =
Γ(c)
Γ(b)Γ(c− b)
∫ 1
0
ub−1(1− u)c−b−1(1− zu)−adu
   		 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     	 
		   	
E[W̃tW̃s] =
1
2
(
E[(W̃t)
2] + E[(W̃s)
2]− E[(W̃t − W̃s)2]
)
,
	  
E[(W̃t)
2] = 2H · E
[(∫ t
0
(t− s)H− 12dBs
)2]
= 2H
∫ t
0
(t− s)2H−1ds
= t2H .
	 
E[(W̃t − W̃s)2]
=2HE
[(∫ t
0
(t− u)H− 12dBs −
∫ s
0
(s− u)H− 12dBu
)2]
=2H
(∫ s
0
(
(t− u)H− 12 − (s− u)H− 12
)2
du+
∫ t
s
(t− u)2H−1du
)
=2H
∫ s
0
(t− u)2H−1 + (s− u)2H−1 − 2(t− u)H− 12 (s− u)H− 12du+ (t− s)2H
=− (t− s)2H + t2H + s2H − 4H
∫ s
0
(t− u)H− 12 (s− u)H− 12du+ (t− s)2H
=t2H + s2H − 4H
∫ s
0
(t− u)H− 12 (s− u)H− 12du
	   		
E[W̃tW̃s] =2H
∫ s
0
(t− u)H− 12 (s− u)H− 12du
=2HtH−
1
2 sH−
1
2
s∫
0
(
1− u
t
)H− 1
2
(
1− u
s
)H− 1
2
du
=2HtH−
1
2 sH+
1
2
1∫
0
(
1− s
t
z
)H− 1
2
(1− z)H− 12dz
=s2H
(s
t
) 1
2
−H 2H
H + 1
2
2F1
(
1
2
−H, 1, 3
2
+H,
s
t
)
=s2HG
(s
t
)
,

 z = u
s

 	 Γ(x+ 1) = xΓ(x) 	 

   	 
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 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	  			  		  	 
 
		 	 (Zt)  	    		  	
	 (Zt) 	 (W̃t)  	   			  Zt = ρBt+ρBt
 ρ =
√
1− ρ2 	 (Bt) 	 	 	 	 	 !	 (Bt) 
      t ≥ s 	
E[W̃tZs] = ρ
√
2H
H + 1
2
(
tH+
1
2 − (t− s)H+ 12
)


E[W̃sZt] = ρ
√
2H
H + 1
2
sH+
1
2 .

 "  	 		 # 
E[W̃tZs] =
1
2
(
(W̃t + Zs)
2 − E(W̃t)2 − E(Zs)2
)
.
$	 
E(W̃t + Zs)
2
=E
[(√
2H
∫ t
0
(t− u)H− 12dBu + ρBs + ρBs
)2]
=E
[(√
2H
∫ t
0
(t− u)H− 12dBu +
∫ s
0
ρdBu
)2]
+ (ρ)2s
=
[(√
2H
∫ s
0
(t− u)H− 12 + ρ√
2H
dBu +
√
2H
∫ t
s
(t− u)H− 12dBu
)2]
+ (1− ρ2)s
=2H
∫ s
0
(
(t− u)H− 12 + ρ√
2H
)2
du+ 2H
∫ t
s
(t− u)2H−1du+ (1− ρ2)s
=2H
∫ s
0
(t− u)2H−1 + 2ρ(t− u)
H− 1
2√
2H
+
ρ2
2H
du+ 2H
∫ t
s
(t− u)2H−1du+ (1− ρ2)s
=2H
∫ t
0
(t− u)2H−1du+ 2ρ
√
2H
∫ s
0
(t− u)H− 12du+ ρ2s+ (1− ρ2)s
=t2H + 2ρ
√
2H
H + 1
2
(
tH+
1
2 − (t− s)H+ 12
)
+ s
	  E[(W̃t)
2] = t2H 	 E[(Zs)
2] = s 
E[W̃tZs] = ρ
√
2H
H + 1
2
(
tH+
1
2 − (t− s)H+ 12
)
.
%&
   	


E
[
(W̃s + Zt)
2
]
=E
[(√
2H
∫ s
0
(s− u)H− 12dBu + ρBt + ρBt
)2]
=E
[(√
2H
∫ s
0
(s− u)H− 12 + ρ√
2H
dBu +
∫ t
s
ρdBu
)2
+ (ρ)2t
]
=2H
∫ s
0
(
(s− u)H− 12 + ρ√
2H
)2
du+ ρ2(t− s) + (1− ρ2)t
=2H
∫ s
0
(s− u)2H−1 + ρ
2
2H
+ 2
ρ√
2H
(s− u)H− 12du− ρ2s+ t
=s2H + ρ2s+ 2ρ
√
2H
H + 1
2
sH+
1
2 − ρ2s+ t
=s2H + 2ρ
√
2H
H + 1
2
sH+
1
2 + t
  
E[W̃sZt] = ρ
√
2H
H + 1
2
sH+
1
2 .
 
  
  W̃t  Zt 
 

 
  T > 0 


   
 
 

   N ∈ N 
  
 


 
 
   h = T
N

  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   
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
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  



 
  
 
 


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
 "# ΣW̃  W̃t  Σ
W̃
i,j = E
[
W̃ihW̃jh
]


$
  
 "# ΣZ 

 
  
 "#
 
 W̃  Z 

 
 
 
 


    ΣW̃ ,Zi,j = E
[
W̃ihZjh
]
 


 %
   
 


 " Σ 
 

 
 




   
Σ =
(
ΣW̃ ΣW̃ ,Z
(ΣW̃ ,Z)T ΣZ
)
.
  	
   
 &
 v ∈ R2N  !
  



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 	
 	  
 	  	   W̃  Z 
(
(W̃ih)i=1,...,N
(Zjh)j=1,...,N
)
= Σ · v.
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 St 		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 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  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	  S0 > 0 
 
  i = 1, ..., N  
Sih =S(i−1)h +
√
σ(i−1)h(Zih − Z(i−1)h)
=S(i−1)h +
√
ξ((i− 1)h) exp
(
1
2
ηW̃(i−1)h − 1
2
η2((i− 1)h)2H
)
(Zih − Z(i−1)h)
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